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ESTIPvaTSON OF POMR1ZATION WITH ARBITIiARY ANTENNAS 
A b s t r a c t  
The problem of  p o l a r i z a t i o n  measurement i s  c o n s i d e r e d  
under  t h e  assumpt ion t h a t  o b s e r v a t i o n s  a r e  c a r r i e d  o u t  u s i n g  
unknown a n t e n n a s  and a  v a r i e t y  o f  c a l i b r a t i o n  s i g n a l s .  The 
e x p l i c i t  e f f e c t s  of antenna p a r a m e t e r s  on o b s e r v a t i o n s  of 
t h e  coherency  m a t r i x  of  t h e  r e c e i v e d  waves i s  de te rmined .  
A s i m p l e  method f o r  d e t e r m i n i n g  p e r c e n t a g e  p o l a r i z a t i o n  i s  
d i s c u s s e d .  The r e s u l t s  have been a p p l i e d  t o  t h e  r e d u c t i o n  of 
b i s t a t i c - r a d a r  o b s e r v a t i o n s  of  t h e  moon. 
I n t r o d u c t i o n  
S t u d i e s  of  e l e c t r o m a g n e t i c  p o l a r i z a t i o n  a r e  common e x e r c i s e s  i n  
o p t i c s ,  as t ronomy and geophys ics .  U s u a l l y  one  wishes  t o  d e t e r m i n e  t h e  
p o l a r i z a t i o n  o f  an  a r r i v i n g  e l e c t r o m a g n e t i c  wave, e i t h e r  from a  n a t u r a l  
s o u r c e  s u c h  a s  t h e  sun,  t o  o b t a i n  i n f o r m a t i o n  r e g a r d i n g  t h e  s o u r c e  
mechanisms, o r  from a n  e x p e r i m e n t a l  s o u r c e  such  a s  a  r a d i o  t r a n s m i t t e r  
o r  l a s e r ,  t o  o b t a i n  i n f o r m a t i o n  r e g a r d i n g  t h e  media through which t h e  
s i g n a l s  p r o p a g a t e .  S e v e r a l  d e s c r i p t o r s  f o r  p o l a r i z a t i o n  a r e  w e l l  known 
( s t o k e s ,  1852;  ~ o i n c a r g ,  1892;  Born and Wolf, 1959) and en joy  widespread  
usage .  Elementary  d e s c r i p t i o n s  of  monochromatic waves and a n t e n n a s  may 
be  found i n  t e x t b o o k s  ( ~ r a u s ,  1966). Radio and r a d a r  astronomy p o l a r i -  
z a t i o n  measurement t e c h n i q u e s  have t ended  t o  f o l l o w  c l o s e l y  t h e  
commonly used o p t i c a l  i n t e n s i t y  measurement t e c h n i q u e s .  The power 
r e c e i v e d  on p a i r s  o f  c a l i b r a t e d  o r t h o g o n a l  a n t e n n a s  i s  used t o  specify 
c i ~ r e e t L y  the SStolres p a r a m e t e r s  o t  t h e  r e c e ~ v e d  wave, Conver s ron  t o  any 
o f  the o t h e r  s y s t e m s  might  be c a r r i e d  out t h e n  f o r  c o n v e n i e n c e ,  
A n a l y s e s  of  t h e  measurement problem i n  t h e  r a d i o  c a s e  have  been  
somewhat r e s t r i c t e d .  C e r t a i n l y ,  t h e  r e s p o n s e  of  a n  a r b i t r a r y  an tenna  t o  
a  nar rowband s i g n a l  o f  any g e n e r a l  p o l a r i z a t i o n  i s  w e l l  u n d e r s t o o d  
(cohen,  1958 ;  KO l950), a s  i s  t h e  r a n g e  o f  p o l a r i z a t i o n  measurements  
-7 
r e q u i r e d  t o  c o m p l e t e l y  s ,>ecify t h e  s c a t t e r i n g  p r o p e r t i e s  o f  a  medium i n  
s c a t t e r i n g  e x p e r i m e n t s  ( ~ a g f o r s ,  1968). But  t h e  measurement problem 
i t s e l f  seems n o t  t o  have  been  c o n s i d e r e d  v e r y  g e n e r a l l y .  T y p i c a l l y ,  i t  
h a s  been assumed t h a t  t h e  measurements  a r e  c a r r i e d  o u t  u s i n g  p e r f e c t  
a n t e n n a s  o f  a  s p e c i f i e d  p o l a r i z a t i o n ,  b u t  t h a t  t h e  r e c e i v i n g  c h a n n e l s  
a s s o c i a t e d  w i t h  t h o s e  a n t e n n a s  i n t r o d u c e  some c o r r u p t i o n  i n  p h a s e  and 
a m p l i t u d e .  Many a u t h o r s  have  e x t e n d e d  t h i s  a n a l y s i s  t o  i n c l u d e  c r o s s -  
c o u p l i n g  e f f e c t s  o f  t h e  a n t e n n a s  t h e m s e l v e s .  F o r  p e r h a p s  t h e  m a j o r i t y  
o f  measurement p rob lems  t h e s e  a p p r o a c h e s  a r e  more t h a n  a d e q u a t e .  
However, due  t o  measurement o r  c o n s t r u c t i o n  d i f f i c u l t i e s ,  p a r t i c u l a r l y  
a t  t h e  l o n g e r  wave leng ths ,  i t  o f t e n  happens  t h a t  t h e  p o l a r i z a t i o n  of  t h e  
r e c e i v i n g  a n t e n n a s  i s  known o n l y  a p p r o x i m a t e l y ,  o r  t o  l e s s  t h a n  t h e  
d e s i r e d  p r e c i s i o n .  The p u r p o s e  o f  t h i s  p a p e r  i s  t o  c h a r a c t e r i z e  t h e  
p o l a r i z a t i o n  measurement problem i n  such  a  way a s  w i l l  e x h i b i t  t h e  
e r r o r s  i n v o l v e d  i n  a g e n e r a l  way, Then we d e s c r i b e  c e r t a i n  s i m p l e  
c a l i b r a t i o n  t e c h n i q u e s  which c a n  p e r m i t  t h e  u s e  o f  a l m o s t  a r b i t r a r y  
p a i r s  of  a n t e n n a s  f o r  p o l a r i z a t i o n  measurements .  The s o l u t i o n  t o  t h e  
general problem 1s n o t  comple ted  h e r e ,  For. example,  t h e  d e t a i l e d  e r r o r  
s t a t i s t i c s  a r e  n o t  ca7;culated, S t  1s Elopecl t h a t  t h c  ~ ~ e s u l t s  and i d e a s  
h e r e  w i l l  Lead t o  f r r r t h e r  work ,  For  c o n v e n i e n c e ,  we f i r s t  b r i e f l y  
review one way i n  which p o l a r i z a t i o n  may be  s p e c i F i e d ,  A m a x r i x  
f o r m u l a t i o n  i s  used i n  t h e  development t o  f a c i l i t a t e  t h e  e a s e  w i t h  
which t h e  r e s u l t s  may be  adap ted  t o  d i g i t a l  d a t a  r e d u c t i o n  schemes and 
computa t ions .  
S p e c i f i c a t i o n  of P o l a r i z a t i o n  
E l l i p t i c a l  
- - - - - -  
C o n s i d e r  a  monochromatic, e l e c t r o m a g n e t i c  p l a n e  wave. Let  el 
- 
and e be  two r e a l ,  o r t h o g o n a l  u n i t  v e c t o r s  l y i n g  i n  a  p l a n e  2 
p e r p e n d i c u l a r  t o  t h e  d i r e c t i o n  of p r o p a g a t i o n .  Let  t h e  complex 
- - 
e l e c t r o m a g n e t i c  f i e l d  s t r e n g t h s  a l o n g  t h e  e and e d i r e c t i o n s  1 2 
b e  deno ted  El and E2 , r e s p e c t i v e l y .  Then t h e  t o t a l  e l e c t r i c  f i e l d  i s  
The q u a n t i t y  p  i s  t h e  complex p o l a r i z a t i o n  of t h e  wave. I f  w e  l e t  t h e  
- - 
v e c t o r  e x  e l i e  a l o n g  t h e  p o s i t i v e  Poyn t ing  v e c t o r  and assume an  1 2 
e  jut t i m e  v a r i a t i o n ,  t h e n  t h e  l o c a t i o n s  i n  t h e  complex p  p l a n e  
p  = +j  and p  = - j  r e p r e s e n t  l e f t  and r i g h t  c i r c u l a r  p o l a r i z a t i o n ,  
r e s p e c t i v e l y .  A l l  l i n e a r  p o l a r i z a t i o n s  l i e  on t h e  r e a l  a x i s ,  w h i l e  
l e f t  e l l i p t i c a l  p o l a r i z a t i o n  o c c u p i e s  t h e  u p p e r  h a l f  p l a n e  and r i g h t  
e l l i p t i c a l  p o l a r i z a t i o n  t h e  lower ,  The r e l a t i o n s h i p  of p  t o  o t h e r  
r e p r e s e n t a t i o n s  has  been g i v e n  e l s e w h e r e  ( ~ e c k m a n n ,  -1968), 
Then 2 and Et are orthogonal provided 
where * indicates the complex conjugate. In terms of the representative 
polarization ellipses, orthogonal polarizations have equal eccentricities, 
opposite senses of rotation and mutually perpendicular major axes, Any 
polarized wave may be decomposed into a linear combination of two such 
orthogonal components, 
In real, isotropic, homogeneous media the physical significance 
of orthogonality lies in the response of an instrument to E and 5 ' .  
If the antenna has the response c to a unit field aligned with i 
- 
vector e then the voltage at the antenna terminals in response to i '  
fields is 
where the complex polarization of the antenna is p = (c2/cl)*. 
a 
The condition p p; = -I guarantees that the voltage at the 
antenna terminals will be zero, For a constant incident flux f 
t h e  o u t p u t  power i s  p r o p o r t i o n a l  t o  
which i s  z e r o  i f  p: p  = -1, and i s  maximum i f  p  = p: . I t  c a n  be 
shown t h a t  t h i s  r e q u i r e m e n t  i s  e q u i v a l e n t  t o  t h e  s p e c i f i c a t i o n  t h a t  t h e  
an tenna  t r a n s m i t  waves of t h e  same p o l a r i z a t i o n  a s  p  , a l b e i t  t r a v e l i n g  
i n  t h e  o p p o s i t e  d i r e c t i o n .  
P a r t i a l l y  P o l a r i z e d  Waves 
Waves o f  n a t u r a l  o r i g i n  c a n  seldom be  c h a r a c t e r i z e d  by a  s i m p l e  
e l l i p s e .  C o n s i d e r  a  wave made up of two s t o c h a s t i c  s i g n a l s  E l ( t )  
- - 
and E 2 ( t )  , o r i e n t e d  a l o n g  e  and e 1 2 ' such  t h a t  
Throughout t h e  r emainder  of  t h i s  r e p o r t ,  we s h a l l  u s e  E  t o  d e n o t e  
s t o c h a s t i c  s i g n a l s  of  t h i s  more g e n e r a l  type ,  b u t  t h e  f u n c t i o n a l  
dependenc ies  w i l l  n o t  be e x p l i c i t l y  shown. C l e a r l y  such usage  
i n c l u d e s  t h e  monochromatic wave a s  a s p e c i a l  c a s e .  I t  i s  t h e n  appro- 
p r i a t e  t o  c h a r a c t e r i z e  t h e  wave by i t s  v a r i o u s  c o r r e l a t i o n  p r o d u c t s .  
I n  p a r t i c u l a r ,  t h e  coherency m a t r i x  ( ~ o r n  and Wolf, 1959) f o r  t h i s  wave 
i s  
where de i iv te s  s t a t l s t l c a l  a v e r a g a n g  (e l t i ler  t i m e  o r  ei lsemble)  
appropriate t o  t h e  analysis belng under t aken  a n d  the  sub-bar  d e n o t e s  
a  m a t r i x ,  I n  e x p e r i m e n t a l  s i t u a t i o n s ,  t h e  < > would d e n o t e  t h e  
a v e r a g i n g  t i m e  f o r  t h e  o b s e r v a t i o n s .  
Such waves may b e  decomposed i n t o  p o l a r i z e d  and u n p o l a r i z e d  
components on t h e  b a s i s  of  t h e  s t a t i s t i c a l  b e h a v i o r  of  El and E2 . 
The u n p o l a r i z e d  component ( s u p e r s c r i p t  u  ) c o n s i s t s  o f  i n d e p e n d e n t l y  
v a r y i n g  o r t h o g o n a l  components c o n t a i n i n g  e q u a l  power. Tha t  i s  
I n  c o n t r a s t ,  t h e  p o l a r i z e d  p a r t  ( s u p e r s c r i p t  p ) c o n s i s t s  of p e r f e c t l y  
c o r r e l a t e d  o r t h o g o n a l  components. Thus, t h e  p o l a r i z e d  wave may be 
w r i t t e n  a s  
where p h a s  t h e  same meaning a s  b e f o r e .  Such a  wave might undergo 
c o n s i d e r a b l e  f l u c t u a t i o n s  i n  a m p l i t u d e  o r  phase  s i n c e  E' i s  no 
l o n g e r  r e q u i r e d  t o  b e  monochromatic, R e g a r d l e s s  of  such  f l u c t u a t i o n s  
i t  i s  d i s t i n g u i s h e d  by a  p o l a r i z a t i o n  e l l i p s e  f i x e d  i n  shape  and 
I". 
o r i e n t a t i o n  t h a t  may -6ary i n  s i z e  w i t h  the  magni tude  of E: a 
A n  a n a l o g  may be d r a w n  between t h e s e  c o n c e p t s  and t h o s e  of a  
narrowband m o d u l a t i o n ,  In a plane normal t o  t h e  d i r e c t j o n  of propnga- 
- - 
t i o n  t h e  complex v e c t o r  e l  + p  e 2  r e p r e s e n t s  a r o t a t i n g  v e c t o r  def ined  
- - 
by t h e  c o o r d i n a t e  sys tem e and e and p  . The q u a n t i t y  EP 1 2  
r e p r e s e n t s  t h e  d e v i a t i o n s  from t h i s  ave rage  mot ion.  Unl ike  a  un i fo rmly  
- - 
r o t a t i n g  phasor ,  el + p  e2 h a s  a  p e r i o d i c a l l y  v a r y i n g  a n g u l a r  r a t e  
and magnitude.  I t  f o l l o w s  t h a t  t h e r e  a lways  e x i s t s  an  an tenna ,  v i z . ,  
1 
- - -  
Pa - , w i t h  z e r o  r e s p o n s e  t o  such a  wave. P * 
The u n p o l a r i z e d  p a r t  d e s c r i b e s  a  random, i r r e g u l a r  f i g u r e  i n  a  
p l a n e  normal t o  t h e  d i r e c t i o n  o f  p r o p a g a t i o n .  T h e r e  i s  no s i n g l e  p  
- - 
s u c h  t h a t  t h e  s i m p l e  v e c t o r  e l  + p  e 2  c a n  d e s c r i b e  t h e  wave. In a l l  
r e p r e s e n t a t i o n s  of t h e  u n p o l a r i z e d  p a r t  ( i .e . ,  f o r  a l l  p  ) t h e  power 
c a r r i e d  by t h e  wave i s  t h e  same, and i s  e q u a l  t o  one-hal f  t h e  t o t a l  
u n p o l a r i z e d  power. A g e n e r a l  r e p r e s e n t a t i o n  i s  
where  
f o r  any p  . The s p e c i f i c  form of E and El i s  n o t  f i x e d  and 
w i l l  v a r y  w i t h  p  . Thus a n t e n n a s  of  a l l  p o l a r i z a t i o n s  w i l l  have t h e  
i d e n t i c a l  r e sponse ,  e x c e p t  f o r  d i f f e r e n c e s  i n  g a i n ,  t o  a  g iven  u n p o l a r i z e d  
wave. 
Propel - t ies  of Coherenee M a t r i x  
- ----- - --- - 
It c a n  be shown ( ~ o r n  and \Volf, 1939) t h a t  f o r  s t a t i s t i c a l l y  
independen t  s o u r c e s ,  e a c h  w i t h  coherency m a t r i x  - J' , t h a t  t h e  coherency 
m a t r i x  of  t h e  sum i s  t h e  sum of t h e  i n d i v i d u a l  coherency m a t r i c e s ,  o r  
The t o t a l  power d e n s i t y  i n  t h e  wave i s  g i v e n  by t h e  t r a c e  o f  t h e  
coherency  m a t r i x  T r  - J = J 11 + J22 . A wave which i s  n e i t h e r  t o t a l l y  
p o l a r i z e d  n o r  t o t a l l y  u n p o l a r i z e d  i s  s a i d  t o  be  p a r t i a l l y  p o l a r i z e d .  
Such a  wave may be  decomposed i n t o  p o l a r i z e d  and u n p o l a r i z e d  p a r t s  
KO 1950). (-7 
where t h e  f a c t o r  
i s  t h e  normal i zed  f r a c t i o n  of t h e  t o t a l  power i n  t h e  p o l a r i z e d  p a r t ,  
(1 - y )  i s  t h e  f r a c t i o n  i n  t h e  u n p o l a r i z e d  p a r t .  The e l ement s  q 
a r e  d e f i n e d  by 
J .  
I t  i s  sometimes conven ien t  to d e a l  with thr normalized q l ; a n C i i  kes I- ---- 1 3  / - P i j  - T r  J" 
- 
f o r  which t h e  r e s u l t s  a r e  s i m i l a r .  
Antenna T r a n s f o r m a t i o n s  
I t  i s  o u r  purpose  h e r e  t o  p r o v i d e  t h e  b a s i s  f o r  a n  a n a l y s i s  w i t h  a s  
few r e s t r i c t i v e  a s sumpt ions  a s  p o s s i b l e .  For  g e n e r a l i t y ,  t h e r e f o r e ,  
assume t h a t  w e  a r e  i n t e r e s t e d  i n  r e c e i v i n g  s i g n a l s  of t h e  form 
T h a t  i s ,  t h e  a r r i v i n g  s i g n a l s  a r e  e x p r e s s e d  i n  terms of i n d e p e n d e n t l y  
modulated o r t h o g o n a l  p o l a r i z a t i o n s .  F u r t h e r ,  assume t h a t  t h e  
r e c e i v e d  s i g n a l s ,  E i  and E$ a t  t h e  t e r m i n a l s  o f  two n o n - i d e n t i c a l  
a n t e n n a s  a r e  of  t h e  form 
where t h e  c t s  a r e  complex and c o m p l e t e l y  a r b i t r a r y ,  The m a t r i x  e l e m e n t s  
may be  t h o u g h t  of  a s  t h e  t r a n s m i s s i o n  c o e f f i c i e n t s  o f  a f o u r  p o r t  
network c o n s i s t i n g  of p a i r s  of an tenna  e l ement s  and t e r m i n a l s ,  O n l y  
t h e  l i n e a r i t y  of t h e  network Is  assumed, Phgsicall :r ,  t h e  e T s  may 
represent attenuad~orr, gain, and  cross--coupi~ng, 'They may be t h e  resu ' l i  
of en lntenti o n a i  design, as i n  t h e  coupl-ing of 9 r n e a r  a n t e n n a  elemcrrts 
t o  f z r i r i i  c x r c u l a i  p o l a i . ~ z a  t i o n ,  o r  I * e s u i  l rrom construction er rors ,  
R But, o v e r a l l ,  t h e  c m a t r i x  and the o r i g i n a l  et s  d e f i n e  two new 
a n t e n n a s  c r e a t e d  by a  s u p e r p o s i t i o n  of s i g n a l s  from t h e  o r i g i n a l  
e l e m e n t s .  I n  a  p e r f e c t ,  non- t r ans fo rming  system, matched t o  t h e  
A p o l a r i z a t i o n s  $ and e  1 c l l  = c~~ = 1 , w h i l e  c12 = cPl = 9 . 
,? 
Id U s u a l l y  i t  i s  assumed t h a t  
c  I c el , c 12 = c ; ~  3 and t h a t  l,l 11 
i s  s m a l l .  Such r e s t r i c t i o n s  a r e  n o t  i m p l i e d  h e r e .  I n  a n  i m p e r f e c t  
sys tem t h e  primed q u a n t i t i e s  may be though t  o f  a s  new ( t r a n s f o r m e d )  
p o l a r i z a t i o n s .  
By o u r  p r e v i o u s l y  d e f i n e d  c o n v e n t i o n  ( c . f . ,  eqn.  3 and f . f . ) ,  t h e  
p o l a r i z a t i o n s  of  t h e  primed a n t e n n a s  a r e  
and 
For  o r t h o g o n a l i t y  of  t h e  t r ans fo rmed  p o l a r i z a t i o n s  w e  r e q u i r e :  
* * c* 
* 
C * )  = o  (cxl  + C ~ * ) ( C $ ~  + c**) + (pl  C1l + P* c l * ) ( p l  21  + P2 2, 
w h i c h  reduces  t o  
I f  the InpuL vectors h a v e  t h e  same length: 
T h i s  l a t t e r  e x p r e s s i o n  i s  a  n e c e s s a r y  ( b u t  n o t  s u f f i c i e n t )  c o n d i t i o n  
f o r  t h e  c  m a t r i x  t o  r e p r e s e n t  a u n i t a r y  t r a n s f o r m a t i o n .  I n  a d d i t i o n ,  
t h e  o u t p u t  power must be p r o p o r t i o n a l  t o  t h e  i n p u t  ( i .e . ,  l e n g t h  must 
be p r e s e r v e d )  s o  
f o r  a l l  a, @ . I t  f o l l o w s  t h a t  t h e  r e q u i r e m e n t s  f o r  u n i t a r y  t r a n s -  
f o r m a t i o n  a r e  
and 
C l e a r l y  t h e s e  a r e  s p e c i a l  c o n d i t i o n s  which w i l l  u s u a l l y  n o t  be f u l f i l l e d ,  
The e f f e c t  o f  t h e  c t r a n s f o r m  on t h e  J m a t r i x  i s  e a s i l y  shown 
- 
w l i e 1 . t  J 9 1 s  t i le  cokierency n t a t r i x  of t h e  wave associated w i t h  5 
- 
observed 3 t  t h e  an tenna  t e r m i n a l s .  The  a p p a r e n t  power i s  
* * 
+ 2 Re [kll + C21 ~ 2 2 )  3 2  ] , where J12 = J& . 
The d e t e r m i n a n t  o f  Js  i s  
- 
) I Det J 
- 2  Re(cll  q2 c22 , 
The a p p a r e n t  d e g r e e  o f  p o l a r i z a t i o n  i s  
The r e l a t i o n s  j u s t  d e r i v e d  have c o n s i d e r a b l e  u t i l i t y .  With t h e  advent  
of h i g h  speed d i g i t a l  computers,  t h e  numer ica l  m a n i p u l a t i o n  of r a d i o  
o b s e r v a t i o n s  h a s  become i n c r e a s i n g l y  common. I n  t h e  c a s e  of p o l a r i m e t r y  
d a t a ,  p a r t i c u l a r l y  a t  low s i g n a l - t o - n o i s e  r a t i o s ,  a  l a r g e  number of 
c a l c u l a t i o n s  may be  n e c e s s a r y  t o  o b t a i n  t h e  coherency m a t r i x  ( o r  an  
e q u i v a l e n t  r e p r e s e n t a t i o n )  from sampled d a t a .  Eowever, once  t h e  
eohew.ency r r t a t r ix  i s  a v a i l a b l e  i n  t~urne r i ca l  form, o n l y  m a t r i x  m u l t i p l i c a -  
Lions a r e  required t o  t r a n s f o r r i ~  t h e  antenna s y s t e m ,  Such t r a n s f o r m a t i o n s  
12 
provide t he  b a s s s  f o r  the c a i i b r a t l o n  and ,  ~f n e c e s s a r y ,  covrec t r v n  of 
o h s e r v s t ~ o n s ,  O b s e r v a t i o n s  may be c a r r i e d  o u t  w i t h  t h e  bes t  a v s l l a h l e  
sys tems  o r  i n s t r u m e n t s  and t h e  d a t a  reduced.  Then,  w i t h  l r t t l e  
a d d i t i o n a l  e f f o r t ,  p rov ided  o n l y  t h a t  s u i t a b l e  c a l i b r a t i o n  s l g n a l s  may 
be  o b t a i n e d ,  t h e  o b s e r v a t i o n s  may be  c o r r e c t e d  f o r  i n s t r u m e n t  e r r o r s  
t h r o u g h  m a n i p u l a t i o n s  such  a s  t h o s e  r e p r e s e n t e d  by (22) .  
M a n i p u l a t i o n s  of  t h e  coherency  m a t r i x  
For  a n  u n p o l a r i z e d  i n p u t  
The a p p a r e n t  p o l a r i z a t i o n  
4 Det J' 
( T r  J1 ) 2 
- 
The s i g n a l  w i l l  a p p e a r  u n p o l a r i z e d  i f  y b  0 which r e q u i r e s  
J; 2 = O  and J -- 11 - J2%? 
T h i s  r equ i rement  t h a t  a n  u n p o l a r i z e d  s i g n a l  a p p e a r  u n p o l a r i z e d  i s  
s u f f i c i e n t  t o  g u a r a n t e e  t h a t  t h e  c  m a t r i x  r e p r e s e n t  a  u n i t a r y  
t r ans fo rma  t i o n .  Note t h a t  
and 
Fur thermore ,  d e v i a t i o n s  from t h e  u n i t a r y  t r a n s f o r m  always  produce an  
a p p a r e n t  i n c r e a s e  i n  t h e  p e r c e n t a g e  p o l a r i z a t i o n  o f  an  o r i g i n a l l y  
unpohar i zed  wave. I t  c a n  be  shown a l s o  t h a t  a  p o l a r i z e d  wave a p p e a r s  
t o  be comple te ly  p o l a r i z e d  f o r  a l l  2 m a t r i c e s ,  The s i t u a t i o n  i s  more 
e o r ~ t p i ~ e a t e d  f o r  the p a r t  i a l l  y p o l a r i z e d  ease,  
Given sufficient information the response to partially polarized 
waves illsiy be predicted. Sinee  J --. EJ. for any coherency matrix? 
- 
-1 
J' = E 3" where JB. = M " J.  t h e  p o l a r i z e d  and u n p o l a r i z e d  p a r t s  
- 
-1 -1 -- -1 
may b e  c o n s i d e r e d  s e p a r a t e l y .  The u n p o l a r i z e d  p o r t i o n  of t h e  o r i g i n a l  
J i s  c o n v e r t e d  i n t o  a p p a r e n t  p o l a r i z e d  and u n p o l a r i z e d  p a r t s ,  which 
- 
may i n t e r f e r e  c o n s t r u c t i v e l y  o r  d e s t r u c t i v e l y  w i t h  t h e  t r ans fo rmed  
p o l a r i z e d  p a r t s  o f  t h e  o r i g i n a l  wave. Thus f o r  a n  unknown - M t r a n s f o r m  
t h e  f r a c t i o n a l  p o l a r i z a t i o n  
1 1 4 ( ~ e t  - M )  Det (z 
2 29 ( ~ r  J' ) (.E T r  - M * J . )  
-1 
behaves  i n  a n  u n p r e d i c t a b l e  way. 
C o n s i d e r  a  g e n e r a l  s i g n a l  d e s c r i b e d  by - J' = - M ' - J . I n  t e r m s  of 
t h e  normal i zed  m a t r i c e s  Q and g1 w e  have  
The parts I,  I1 and 111 rnay be associated with specific portions 
of the wave ,  
1 = a p p a r e n t  unpolarszed p a r t  
11 = a p p a r e n t  po l a r i zed  p a r t  d u e  t o  po l a r i zed  i n p u t  
IPS = apparent  po l a r i zed  p a r t  due t o  d e v i a t i o n  of c  mat r ix  
- 
from u n i t a r y  t r ans fo rma t ion ;  i . e . ,  t h e  unpolar ized 
inpu t  transformed by t h e  c matr ix  
A s  a  r e s u l t  of t h e  summation proper ty  d i scussed  above, t he  power 
a s soc i a t ed  w i th  t h e  ma t r i ce s  I and I1 w i l l  always be i n  a  cons t an t  r a t i o .  
Thus, assuming t h a t  a  s u i t a b l e  c a l i b r a t i o n  can be obtained ( e .g . ,  by 
apply ing  two unco r r e l a t ed  s i g n a l s  t o  t h e  antenna t e rmina l )  111 can 
always be determined. But t h e  r a t i o  of po l a r i zed  t o  unpolar ized power 
may o r  may not  be a v a i l a b l e  from t h i s  technique.  We had 
The r a t i o  of t h e  p a r t  due t o  t h e  unpolar ized inpu t  t o  t h e  t o t a l  input  i s  
1~~1 th s u i t a b l e  c h o l t  e o f  li lipax signals t h e  m a t r l x  - VI par1 h e  determined, 
Application o f  
i s  s u f f i c i e n t  and p e r m i t s  s t r a i g h t f o r w a r d  d e t e r m i n a t i o n  of t h e  c v  s. 
A q u a n t i t y  of  c o n s i d e r a b l e  i n t e r e s t  i s  t h e  p e r c e n t a g e  p o l a r i z a t i o n .  
I A s i n g l e  u n p o l a r i z e d  c a l i b r a t i o n  s i g n a l ,  Jll = = 2 7 J12 - J21 = 3 
i s  s u f f i c i e n t  t o  p e r m i t  i t s  d e t e r m i n a t i o n .  The p rocedure  p roduces  a n  
o r thonormal  set of p o l a r i z a t i o n s ,  a l b i e t  o f  unknown d e s c r i p t i o n .  C o n s i d e r  
t h e  Jt m a t r i x  r e s u l t i n g  from t h e  i n p u t  s p e c i f i e d  above.  W e  w i sh  t o  
- 
g e n e r a t e  a  second m a t r i x  J" = MI J' , such  t h a t  - 
- - - J;'2 - Jgl = 0 , 
and Jy1 = ~g~ . For  conven ience  we r e q u i r e  t h e  p o l a r i z a t i o n  of i 
= 0 . Then t o  be p r e s e r v e d ,  s o  c 1  
E;' 
- 
and i t  f o l l o w s  t h a t  




5 1  J'12 ct J!? - 3 2> C :  /C' - - - - - is? - - -
- 1 2  21  22 - Ji 1 Jil ' 21  - Ji 1 2 2  
We may c h o s e  c f  = 1 . Only c' remains  t o  be  de te rmined .  I n  o r d e r  22  11 
t h a t  t h e  a p p a r e n t  p o l a r i z a t i o n s  be z e r o ,  
= J:2 . 
2  
- 
Det I C : - ~ I  = 2 - 2  
Ji 1 Ji 1 
D e t  2 )  1 / 2  
= C i l  11 Ji 1 
I 
s i n c e  t h e  phase  of  c i s  un impor tan t .  Then 11 
Det J1 
i s  t h e  d e s i r e d  t r a n s f o r m a t i o n .  
T h i s  p r o c e d u r e  f o r  f i n d i n g  t h e  e l ement s  o f  
- Ml r e q u i r e d  t o  
o r t h o n o r m a l i z e  t h e  antenna o u t p u t  must be a p p l i e d  c a r e f u l l y .  We have 
Efl = 6' . c . E where i s  t h e  i n c i d e n t  f i e l d  v e c t o r  and M i s  t h e  
- - - 
- 
- 
~1nainowr-i C r s n s f o r m  i n t r o d t r e e d  bi t h e  antenr-ia, An - M1 nrsy b e  c a l c u l a t e d  
for any input signal, b u t  it will be t h ~  proper c o r r e c t i o n  o n l v  if a n  
unpolarized (i . e, , uncorrela ted s i g n a l s  of e q u a l  power) input is i ised , 
Under c e r t a i n  c o n d i t i o n s  a t r a n s f  orrna t i o n  M u a n  be found 
- 
u s i n g  p a r t i a l l y  p o l a r i z e d  s o u r c e .  A two s t e p  p r o c e s s  i s  r e q u i r e d .  
The p o l a r i z a t i o n  of t h e  t r ans fo rmed  a n t e n n a s  a r e  n o t  a r b i t r a r y  b u t  
must match t h a t  o f  t h e  p o l a r i z e d  p a r t  o f  t h e  s o u r c e .  Then a  p r o c e d u r e  
s i m i l a r  t o  t h a t  j u s t  d e s c r i b e d  f o r  t h e  u n p o l a r i z e d  s o u r c e  may be  c a r r i e d  
o u t .  We a g a i n  r e q u i r e  t h a t  t h e  p e r c e n t a g e  p o l a r i z a t i o n  a f t e r  t h e  
t r a n s f o r m a t i o n  e q u a l  t h a t  p r i o r  t o  t h e  t r a n s f o r m a t i o n .  However, i t  
i s  a l s o  n e c e s s a r y  t h a t  o n e  of t h e  t r a n s f o r m e d  p o l a r i z a t i o n s  E i  s a y ,  
c o r r e s p o n d  t o  t h e  p o l a r i z a t i o n  o f  t h e  s o u r c e .  T h e r e  seems t o  b e  no 
c l e a r - c u t  way t o  a c h i e v e  t h i s  c o n d i t i o n  o t h e r  t h a n  a  c a l i b r a t i o n  scheme 
o r  a  p r i o r i  knowledge of t h e  a n t e n n a .  I f  t h i s  c o n d i t i o n  i s  ach ieved ,  
- 
t h e n  we might  p roceed  a s  f o l l o w s .  
Two coherency  m a t r i c e s  r e p r e s e n t  e q u a l  p e r c e n t a g e  p o l a r i z a t i o n  
i f ,  f o r  b o t h  
9 
2 2 2 
J22 - 1 J121 = k ( ~ ~ ~  + J + 2J11 JZ2)  where k  = ( 22 l - y c )  41 4 
Again  c o n s i d e r  t r a n s f o r m s  of J1 
- 
R e q i r r r ~ n g  JL2 = 7 , restrrrcts .T" o r  J r o  t h e  t r ans fosmed  1 l 22 
p o l a r i z a t i o t - i s  of t h e  p o l a r i z e d  p a r t  o f  t h e  i n c i d e n t  wave, A s  b e f o r e  
- Ji" 
1 2  c  
- 
2  1 t h i s  l e a d s  t o  - ---- Take  cP2 = I .  Now JZ2 i s  i n d e p e n d e n t  
1 C 22  
o f  c  , w h i l e  J ; ' ~  = 0 . The r e q u i r e m e n t  f o r  e q u a l  p e r c e n t a g e  p o l a r i -  1 I 
2  2  1 
za t i o n s  becomes k ( ~ : ~  + JS2 + (2 - --) J" J" ) = 0 which may b e  s o l v e d  k  11 22 
t o  y i e l d  




7 D e t  J' 
a s  b e f o r e ,  
The  p l u s  and minus  s o l u t i o n s  c o r r e s p o n d  t o  a n  a d j u s t m e n t  o f  t h e  
r e l a t i v e  g a i n s  of  t h e  two o r t h o g o n a l  c h a n n e l s  s o  t h a t  Jyl i s  g r e a t e r  
t h a n  o r  l e s s  t h a n  JZ2 , by t h e  same f r a c t i o n a l  amount r e l a t i v e  t o  t h e i r  
sum. B y  o u r  a s s u m p t i o n  t h a t  t h e  p o l a r i z e d  p a r t  i s  matched t o  
-' 
t h e  s i g n  a m b i g u i t y  i s  r e s o l v e d  w i t h  t h e  p o s i t i v e  s i g n .  I t  c a n  b e  shown 
f o r  r e a s o n a b l y  c o n s t r u c t e d  s y s t e m s  Jf ), t h a t  t h e  e r r o r  (Jil = 22  
i n t r o d u c e d  i n  -54 / J g  i s  o f  t h e  o r d e r  of  t h e  p e r c e n t  p o l a r i z a t i o n .  2 1  11 
If w e  d o  n o t  r e q u i r e  t h a t  
.Til c o r r e s p o n d  t o  t h e  p o l a r i z e d  p a r t  o f  t h e  
i n c i d e n t  wave, a set  o f  c' s s a t i s f y i n g  a l l  t h e  r e q u i r e m e n t s  j u s t  g i v e n  
may s t i l l  be f o u n d .  The r e s u l t s ,  however, w i l l  b e  i n  e r r o r  b e c a u s e  t h e  
col  r e c t i o n  rna c r ~ x  will remove the p o n t i  on of  the  i n c i d e n t  p o l a r i z e d  
power o r t h o g o n a l  io t h a t  i n  JiI tlrits c a u s i n g  t h e  assumpt lor rs  ~ . n  t h e  
c a l c u l a t i o n  o f  l o  be m o l a t e d .  Iil o t h e r  wc i~ds ,  f o r  a  s i g n e i  not  1 1 
matched t o  Jf I 1  Ji2 will n o t  b r  ~ero, a s  assumed, Saoce t h e  c o r r e c t  
J P  i s  unknown, c c  and c c a n n o t  be de te rmined ,  12 11 52 ' 22 
P o l a r i z a t i o n  C a l i b r a  t i o n  Schemes 
While a  l a r g e  number of  c a l i b r a t i o n  t e c h n i q u e s  a r e  known f o r  
p o l a r i m e t e r s ,  t h e  m a n i p u l a t i o n s  above s u g g e s t  s e v e r a l  s t r a i g h t f o r w a r d  
methods.  An example ap ropos  of low s i g n a l - t o - n o i s e  r a t i o  measurements 
i s  g i v e n  below. S e v e r a l  s t e p s  a r e  r e q u i r e d .  
a )  i )  With  t h e  an tenna  t e r m i n a l s  t e r m i n a t e d  i n  matched l o a d s  of  
known t e m p e r a t u r e ,  T  , i n j e c t  a  known J m a t r i x .  The 
- 
r e s u l t a n t  Jf m a t r i x  obse rved  a t  t h e  r e c e i v e r  t e r m i n a l s  i s  
- 
J t l  = -noise  J a t  + z p r e a m p l i f i e r  + ? i n j e c t e d  
temp. T 
Change t h e  magnitude of t h e  i n j e c t e d  s i g n a l  by a  f a c t o r  of 
and r e p e a t  t o  f i n d  J$ . Then 
ii) A l t e r n a t e l y  J may be i n s e r t e d  a t  t h e  an tenna  
--injected 
t e r m i n a l s .  Then 
J may now be s u b t r a c t e d  from a l l  f u t u r e  measurements.  
---preamp 
iii) I f  t h i s  c a l i b r a t i o n  i s  c a r r i e d  o u t  w h i l e  t h e  antenna i s  
d i r e c t e d  toward t h e  sky, t h e  q u a n t i t y  determined i s  
17) I n j e c t  s signal inLo a si.rigie irrprrc porr , Sieaslal-e - Iiijeet 
\ 
the same s i g n a h  i n t o  s e c o n d  i n p u t  p o r t ,  measu re  ' c ' J ~  - , C o r r e c t  
( l ) ~ ~ f o r  - J a s  i n  a )  
-preamp ' 47 
Then 
Thus 
1f we t a k e  
c l l  = I c l l (  a s  a  z e r o  phase  r e f e r e n c e ,  t h e n  
I n j e c t  e q u a l  c o h e r e n t  s i g n a l s  s in iu l t aneous ly  s o  t h a t  J 11 = J12 = J21 - . 
A t  t h e  o u t p u t  w e  o b s e r v e  
But t h u s  f a r  o n l y  t h e  magni tude  of c 
1 2  i s  known. The r e a l  and 
imag ina ry  p a r t s  may b e  s e p a r a t e d  u s i n g  
Only o n e  v a l u e  of  c 1 2  i . e . ,  R e c  + I m c  w i l l  g i v e  t h e  1 2  - 1 2  
c o r r e c t  magni tude  f o r  c  22 T h i s  p e r m i t s  t h e  s i g n  ambigu i ty  t o  
be r e s o l v e d .  
c )  A s  a n  a l t e r n a t i v e  t o  t h e  above,  measure  c c c 11 ' 1 2  ' 21 ' C22 
d i r e c t l y  ( w i t h  a  v e c t o r  v o l t m e t e r ) .  
d )  E s t i m a t e  of  accuracy  
F o r  o r t h o g o n a l ,  o r  a lmos t  o r t h o g o n a l  an tennas ,  a b s o l u t e  bounds 
on t h e  e r r o r  i n  t h e  e s t i m a t i o n  of t h e  p e r c e n t a g e  p o l a r i z a t i o n  may be  
d e r i v e d  i n  terms of  t h e  a c t u a l  p e r c e n t a g e  p o l a r i z a t i o n  a t  t h e  i n p u t .  
Let  t h i s  p e r c e n t a g e  be y , w i t h  E t h e  a p p a r e n t  p e r c e n t a g e  
p o l a r i z a t i o n  of u n p o l a r i z e d  i n p u t ,  and y f  t h e  f r a c t i o n  of t h e  
p o l a r i z e d  i n p u t  power a s s o c i a t e d  w i t h  a  p a r t i c u l a r  ( u n s p e c i f i c )  
p o r a r r z a t i a ~ i .  
2 3 
For a  g i v e n  E and y , y' must b e  v a r i e d  be tween 0 and 1 t o  
f i n d  t h e  t r u e  max. For s m a l l  E , t h i s  occurs  f o r  y t  1 . 
Conc lus ions  and Remarks 
The t e c h n i q u e s  d e s c r i b e d  i n  -t;his r e p o r t  !lave been used t o  o b t a i n  
t h e  p e r c e n t a g e  p o l a r i z a t i o n  o f  b i s t a t i c - r a d a r  echoes  from t h e  moon, 
The r e c e i v i n g  s y s t e m  ( T y l e r  1968) c o n s i s t s  of  two c o h e r e n t ,  narrow 
-9 
band c h a n n e l s ,  and ( n o m i n a l l y )  r i g h t  and l e f t  c i r c u l a r  p o l a r i z e d  
f e e d s  i n  t h e  S t a n f o r d  Research I n s t i t u t e  150- foo t  d i s h  a n t e n n a .  I n i t i a l  
d a t a  a n a l y s e s  were based  on a  s p e c t r a l  decompos i t ion  of s i g n a l s  i n  e a c h  
c h a n n e l  u s i n g  sampled d a t a  and f a s t  F o u r i e r  t r a n s f o r m  t e c h n i q u e s  ( ~ ~ l e r  
-9 
1969). F o r  s u b s e q u e n t  a n a l y s e s ,  t h e  d a t a  were s e p a r a t e d  i n t o  p o l a r i z e d  
and u n p o l a r i z e d  p a r t s ,  u s i n g  t h e  method i n  (40)  t o  c a l i b r a t e  t h e  an tenna-  
r e c e i v e r  combina t ion .  A t  t h e  t i m e  t h e  d a t a  were  t a k e n ,  a n  a t t e m p t  was 
made t o  m a i n t a i n  e q u a l  s i g n a l  l e v e l s  i n  t h e  two r e c e i v i n g  c h a n n e l s .  
Whi le  t h e  p o l a r i z a t i o n  of t h e  antenna f e e d  s t r u c t u r e  was known, t h e  
e f f e c t s  o f  t h e  d i s h  s u r f a c e  and t r i p o d  c o u l d  n o t  be measured. Thus, t h e  
nominal  p o l a r i z a t i o n  o f  t h e  sys tem was known, b u t  t h e  d e t a i l s  c o u l d  n o t  b e  
de te rmined .  
O b s e r v a t i o n s  were  c a r r i e d  o u t  a t  a  wave leng th  o f  2.2 m .  I n  t h i s  
r e g i o n  o f  t h e  r a d i o  spec t rum r a d i o  background i s  approx imate ly  5-1076 
0 p o l a r i z e d  and h a s  nominal  t e m p e r a t u r e  of 500 K .  Matched p r e a m p l i f i e r s  
0 
were  used,  w i t h  t e m p e r a t u r e s  of  -250 K .  The Jt m a t r i x  was computed from 
d a t a  a s  a  f u n c t i o n  of f r equency ,  u s i n g  t h e  s p e c t r a l  components p r e v i o u s l y  
de te rmined .  Then, s i n c e  each J* spect rum c o n t a i n e d  a  sample of t h e  
- 
cosmic  n o i s e ,  a n  M' m a t r i x ,  e q u i v a l e n t  t o  (40) ,  cou ld  be de te rmined .  
- 
The r e s u l t i n g  J" = M J' was used t o  compute t h e  f r a c t i o n a l  p e r c e n t a g e  
- - - 
p o l a r i z a t i o n ,  7 , a g a i n  a s  a f u n c t i o n  of f requeney,  
The total power is TI-J" , t h e  polarized part i s  y T ~ J "  , and  
- - 
the  u ~ : p ~ L n r f z e d  p a r t  i s  ( I  - 7 )  T r S t '  . AS e x p e c t e d ?  t h e  p r i n c i p a l  
- 
c o r r e c t i o n s  r e q u i r e d  co r responded  t o  g a i n  a d j u s t m e n t s ,  i , e , ,  
1 c l l /  - 0.8  - + 0.2  w h i l e  1 cell < 0 . 1  , t y p i c a l l y .  
I n  f u t u r e  e x p e r i m e n t s  i t  would be  h i g h l y  d e s i r a b l e  t o  u s e  known 
c a l i b r a t i o n  s i g n a l s ,  such  a s  t h o s e  sugges ted  i n  t h e  p r e c e d i n g  s e c t i o n  
of t h i s  r e p o r t .  With  s u c h  s i g n a l s ,  i t  would b e  a  s i m p l e  m a t t e r  t o  
a p p l y  c o r r e c t i o n s  f o r  sys tems  e r r o r s  o r  changes  i n  t h e  d a t a  p r o c e s s i n g .  
C o n s i d e r a b l y  more a n a l y s i s  of t h e  s t a t i s t i c a l  b e h a v i o r  of t h e  M 
- 
t r a n s f o r m a t i o n s  n e e d s  t o  b e  c a r r i e d  o u t  b e f o r e  t h e s e  t e c h n i q u e s  can  
be  c o m p l e t e l y  e v a l u a t e d .  
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